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Abstract
We propose a model for the dust matter in the cosmological context. The model contains a
scalar field with a kinetic term nonminimally coupled to gravity. By investigating the background
and perturbative equations, it is demonstrated that the scalar field has the same dynamics as the
dust matter. We have also considered the cosmological constant in the model. It turns out that
the model has not exotic behavior. Thus, a universe including the scalar field and the cosmological
constant evolves just as our Universe. Moreover, we have added the quadratic term in the action.
It is shown that the quadratic term can be ruled out by its consequences.
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I. INTRODUCTION
In the Newtonian cosmology the dust matter is defined as “matter whose pressure, p, is
negligible compare to its energy density ρ ” [1].
In the relativistic cosmology, the stress-energy tensor, Tµν , is parametrized as an effective
fluid( Appendix B of Ref. [2]),
T µν = pg
µ
ν + (p+ ρ)u
µuν +△T µν , (1)
where uµ is “the velocity vector ” and the imperfect part of the fluid is represented by △T µν .
In almost all cases, it is possible to construct( or reconstruct) the stress-energy tensor by
variation of the matter action, SM , with respect to the metric.
It is convenient to describe the dynamics of matter with relations between components of the
stress-energy tensor. For example, consider a scalar field minimally coupling to the gravity,
which is described by an action
Sφ =
∫
d4x
√−g
[
−1
2
gµν∂µφ∂νφ− V (φ)
]
, (2)
in which the Friedmann-Robertson-Walker (FRW) background metric is adopted. For
V (φ) =
1
2
m2φ2, we have two phases for the scalar field, which have important consequences
for the dynamics of the universe. The first is the so-called inflationary phase and can be
characterized as ρφ ≈ −pφ. The other phase can be described as pφ ≈ 0. Since the later
phase occurs when the scalar field oscillates around the minimum of its potential, it is the at-
tractor phase. At this phase the scalar field behaves like the dust matter. For the quadratic
potential in (2), it has been shown that the dustlike phase can be represented as[1]
H(t) =
2
3t
, φ(t) =
√
6H(t)
κm
cos (mt) , (3)
where higher order terms have been neglected [1]. The Hubble parameter in (3) shows that
the Universe is driven to the dustlike phase [3].
Obviously we have not a term in (2) to regard it as the dust matter term, and the dust phase
is the consequence of dynamics of the scalar field. It is worth noting that almost all other
matters of the Universe, e.g. photons, have their action( or effective action), but it seems
that the dust matter is an exception.
In this work we present a novel scenario to obtain the dustlike phase with the following
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action
S =
∫
d4x
√−g
[
R
2κ2
+
1
2
α2Gµν∂µϕ∂νϕ− V (ϕ)
]
, (4)
where Gµν is the Einstein’s tensor and κ2 = 8πG [4].
At first glance, the case in which V (ϕ) = 0 is not interesting. On the contrary, we want to
show that this case is not as dull as it seems. Indeed, the main aim of this work is to show
that the second term in the action (4) can be interpreted as an effective field description of
the dust matter in the cosmological context.
With the stated perspective, two other cases, V (ϕ) = Λ and the quadratic term, will be
studied and their results will be interpreted.
The organization of this paper is as follows: in Sec. II we briefly review the properties of
the dust matter in the Newtonian theory and general relativity. The background equations
and general cosmological perturbation equations are given in Sec. III. In Sec. IV the case
in which V (ϕ) = 0, “pure dust, ” is studied and we show that why the second term in (4)
can be interpreted as the dust matter. Sections V and VI are devoted to discuss the other
potentials. We summarize our findings and discuss the results in Sec. VII. In the Appendix
the second order action for the scalar metric perturbations in which V (ϕ) 6= 0 is given.
II. SUMMARY OF WHAT WE HAVE KNOWN
In this section the well-known results for the behavior of dust matter, in the cosmological
context, are presented [1, 2], then the results are converted to the comoving gauge, which is
used in this work.
In the Newtonian theory, it is possible to construct an expanding universe with nonrelativis-
tic matter [1]. It turns out that the background energy density, ρ, scales as t−2, and the
fractional amplitude of the density perturbation, δ ≡ δρ/ρ, is (ignoring decaying modes)
δNewtonian = A(x)t2/3, (5)
where A(x) is a time-independent function. Since the Newtonian theory is a very good
approximation for deep inside the horizon, any model for the dust matter must have the
same behavior in this limit.
In Einstein’s gravity, with the flat FRW background metric, the dust matter is defined as
matter with p = 0. The background energy density scales as a−3, where a is the scale
3
factor. Since for the dust matter dominated era we have a3H2 =constant, it turns out that
ρ = 3κ−2H2 [1]. Moreover, usually, it is assumed that the anisotropic stress terms in the
stress-energy tensor are absent, △T µν = 0, otherwise, such terms must be defined separately
and put in Tµν .
Ignoring decaying modes, the scalar metric perturbations are given by 1 [1]
δ
(N)
out ≃ C(x), δ(N)in ≃ k2aC(x), δ(N) p = 0,ΠS(N) = 0, (6)
where (N) indicates the Newtonian gauge and the subscripts in and out stand for inside the
horizon, k2a ≪ 1, and outside the horizon, k2a ≫ 1, respectively. ΠS is the scalar part of
the anisotropy inertia term, which appears in δTij as a
2∂i∂jΠ
S.
One can convert the results from the Newtonian gauge to the comoving gauge [1, 2]. The
density perturbation, by ignoring decaying modes, takes the following form
δ = k2aC(x), (7)
both inside and outside the horizon.
It is assumed that δ(N)p = 0, so, it follows that δp = 0. But in the comoving gauge,
anisotropic stress does not vanish and has the following decaying solution
∂2ΠS = O(t−113 )⇒ ∂
2ΠS
ρ
= O(t−53 ), (8)
where ∂2 is the Laplacian in 3D Euclidian space. Since p = 0, ρ is used to make a dimen-
sionless quantity and compare the result with the background quantities.
The vector metric perturbations are suppressed both in the Newtonian gauge and the co-
moving gauge. In this work the scalar field is considered in the comoving gauge without any
coupling to a vector field; thus, the vector metric perturbations of our models vanish.
As for the tensor metric perturbation, γij, using the following expansion,
γij =
∫
d3k
(2π)3/2
∑
s=±
ǫsij(k)γ
s
k(t)e
i
−→
k .−→x , (9)
where ǫii = k
iǫij = 0 and ǫ
s
ij(k)ǫ
s′
ij(k) = 2δs′, it follows that[1]
γsk(t) = B
sin
√
θ −√θ cos√θ
θ
3
2
+D
cos
√
θ +
√
θ sin
√
θ
θ
3
2
(10)
1 Henceforth, the Laplacian is replaced with −k2 in the final results, where k is the wavenumber.
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where, θ ≡ 9k2a, and B,D are integration constant. Therefore
γsk(t)|out ≈ B, γsk(t)|in ≈
exp[±i√θ]
θ
(11)
In the next sections, we compare our results with the stated results in this section. In this
work we set a3H2 = 1 for the dust dominated era.
III. GENERAL EQUATIONS
To obtain equations of motion, the ADM formalism is used in which a metric can be
written as [5]
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt), (12)
where N and N i are the laps and shift, respectively.
The background metric is the flat FRW metric,
ds2 = −N(t)dt2 + a(t)2δijdxidxj. (13)
In the comoving gauge, the scalar metric perturbations, ζ , and the tensor metric perturba-
tions ,γij, are defined as
δϕ = 0 hij = a
2[(1 + 2ζ)δij + γij], (14)
where ∂iγij = 0, γ
ii = 0.
Following [6], plugging Eqs. (12) and (14) into the action (4), the following action obtained:
S =
1
2κ2
∫
dta3
√
hN [(3)R(1 +
κ2α2ϕ˙2
2N2
) + (KijK
ij −K2)
×(1 − κ
2α2ϕ˙2
2N2
)− 2κ2V (ϕ)], (15)
where (3)R is the three-dimensional curvature and the extrinsic curvature, Kij, is defined as
Kij =
1
2N
(h˙ij − 2∇(iNj)), (16)
where ∇i is the spatial covariant derivative.
Also we used the following decomposition of the Einstein’s tensor in the ADM formalism
[5]:
2Gµνn
µnν =(3) R− (KijKij −K2) (17)
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and consider ϕ˙ as normal to the spacelike hypersurface.
By varying the action (15) with respect to the laps and shift, it turns out that
∇i
[
(Kij − hijK)(1− κ
2α2ϕ˙2
2N2
)
]
= 0, (18a)
(3)R(1− κ
2α2ϕ˙2
2N2
)− (KijKij −K2)(1− 3κ
2α2ϕ˙2
2N2
)− 2κ2V (ϕ) = 0. (18b)
To solve the above equations, we expand the shift and laps as [6]
N = N (0) +N (1) + · · · , Ni = N (0)i +N (1)i + · · · (19)
where N (0) = 1 and N
(0)
i = 0. The shift can be decomposed into a scalar field and a vector
field as
N
(n)
i = ∂iψ +N
T
i , ∂iN
T
i = 0. (20)
For the background metric, Eq. (18a) is trivial and Eq. (18b) results in
H2 =
κ2
6
[
ϕ˙29α2H2 + 2V (ϕ)
]
(21)
Therefore, when V (ϕ) = 0 we can define the following energy density for the model
ρ¯d ≡ ϕ˙
29α2H2
2
. (22)
Also, the equation of motion for the scalar field, ϕ, is obtained by variational with respect
to ϕ and setting N = 1, N i = 0, as
3α2H2ϕ¨+ 6ϕ˙HH˙α2 + 9α2H3ϕ˙ = −dV (ϕ)
dϕ
. (23)
In general context, the equation of motion for the scalar field is
α2∇µ(Gµν∇νϕ) = dV (ϕ)
dϕ
, (24)
where the Bianchi identity is used. Since for the maximally symmetric space time Gµν is
proportional to gµν , the scalar field evolves as if the scalar field with the normal kinetic term;
in such backgrounds. Also if dV (ϕ)/dϕ = 0, the above equation is trivial for the vacuum
solution of the Einstein equation.
For the first order perturbation, Eq. (18a) gives
N (1) =
ζ˙
H
, (25)
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and from Eq. (18b) it follows that
(3α2κ2ϕ˙2 − 2)H∂2ψ = (2− α2κ2ϕ˙2)∂2ζ − 9α2κ2ϕ˙2Ha2ζ˙ . (26)
To find the second-order action for the scalar metric perturbation, hSij ≡ 2a2δijζ , following[6];
replace the shift and laps in (15), and then use the background solutions. The stated
procedure, with some integration by parts, leads us to the following result
SS =
1
2κ2
∫
dta
[(
2
H˙
H2
(α2κ2ϕ˙2 − 2)− 5α2κ2ϕ˙2
)
ζ∂2ζ + 3α2κ2ϕ˙2a2ζ˙2 + 4α2κ2ϕ˙2ζ˙∂2ψ
]
(27)
For the cases that we will study, the Hubble parameter is obtained as an explicit function
of time. So, in Eq. (27), H˙ is kept.
For V (ϕ) 6= 0, ψ can be eliminated from the above action by using (26), the result is given
in the Appendix. As for V (ϕ) = 0, pure dust, see the next section.
Finally, since the kinetic term is nonminimally coupled to the tensor field, Gµν , the quest
for any change in the spectrum of tensor metric perturbations must be investigated.
To find the tensor metric perturbation, hTij ≡ a2γij, inserting hTij in the action (15), and keep
only terms of second order, the result is
ST =
1
8
∫
dtd3x[(1 +
α2κ2ϕ˙2
2
)aγij∂
2γij
+(1− α
2κ2ϕ˙2
2
)a3γ˙ijγ˙ij]. (28)
IV. THE PURE DUST MATTER
Now, we focus on the second term in (4) by taking V (ϕ) = 0. We will show that it can
be interpreted as the dust matter term.
The following equations are given by (21) and (23):
H2 =
3α2
2
H2ϕ˙2,
ϕ¨(3H2α2) + 3Hϕ˙(3H2α2) + 6ϕ˙HH˙α2 = 0.
(29)
These equations can be solved as
ϕ˙2 =
2
3κ2α2
, H2a3 = const. ≡ 1, (30)
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also, from (22), the energy density scales as a−3. Thus, for this case, the Universe is driven
by the “dust matter”. But, whether the perturbations have similar behavior to the dust
matter must be investigated.
A. The scalar metric perturbations
From (30) it turns out that the left-hand side of Eq. (18b) is vanished, so for this case
N (1) =
ζ˙
H
, ∂2ζ =
9
2
Ha2ζ˙ . (31)
In comparison with other models, it is unusual that ψ is not present in the constraint
equations. We will get back to this point.
Following [6], to use the second order action, inserting the background solutions and the
constraint equations, Eq. (31) in (27) and then integrating by parts. By this procedure
one can convert terms like ζ˙2 in (27) to ζ˙∂2ζ and then to ζ∂2ζ . The procedure gives the
second-order action as
S2 =
1
9κ2
∫
dtd3x
[
1
2
aζ∂2ζ + 12aζ˙∂2ψ
]
. (32)
One can use (31) to eliminate ζ˙, but for what we want to do, the above form for S2 is
sufficient.
Recall that ψ acts as Lagrange multiplier in the ADM formalism. So variation with respect
to it gives the constraint equation. The fact that we cannot remove it from the above action,
as V (ϕ) 6= 0 cases, shows that we have an additional constraint in the model for pure dust
matter.
From (32), variation with respect to ψ gives
∂2ζ˙ = 0⇒ ∂2ζ = 0. (33)
Using Eq. (31) and the above result, we have
ζ˙ = 0. (34)
Substituting the above result in (32) and variation with respect to ζ does not give additional
information.
But ψ is not determined at this step. To find it, we first calculate the density perturbation
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in the comoving gauge, then we compare it with (5), i.e. to the result of the Newtonian
theory.
In the comoving gauge, for the pure dust matter we have[2]
δ = −2a
3
∂2[ζ +Hψ]. (35)
Using Eq. (33) it follows that
δ = −2
3
aH∂2ψ. (36)
From the Newtonian result (5), we conclude that
ψ =
X(x)
H
, (37)
where X(x) is an arbitrary function of space. Therefore, after absorption of 2/3 in X(x),
we have
δ = k2X(x)a. (38)
which is in agreement with (7). It is interesting that we just use the Newtonian results to
find ψ, but the final result is in agreement with (7).
In the comoving gauge the scalar part of anisotropic stress is obtained as [2]
κ2a2∂2ΠS = a2(∂t + 3H)
∂2ψ
a2
+ ∂2(ζ +
ζ˙
H
). (39)
Combining Eqs. (33) and (37) with (39) results in
κ2a2∂2ΠS = k2
5
2
X(x). (40)
Hence, similar to (8), the scalar part of anisotropic stress is decaying function of time. But
comparison of Eqs. (8) and (40) shows that it decays more slowly in this model. To clarify
this result, let us use (40), ρ¯ ≃ a−3 and δ ≈ a, to write the following statements
∂2ΠS
ρ¯
≈ a, (41a)
∂2ΠS
δρ
= const. (41b)
The relation (41a) indicates that the anisotropic stress is growing compared with ρ¯. Also,
(41b) shows that the rate of structure formation and anisotropic stress are the same.
One can find δp by the following formula ( in the comoving gauge and for p¯ = 0):
δp
ρ
= − ζ˙
H
− 2
3
∂2Π
ρ
. (42)
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From (40) we have
δp
ρ
≈ k2X(x)a. (43)
But, since ρ ≃ a−3, it follows that δp ≈ O(a−2).
Hence, although in this model δp is not exactly vanished, it is a decaying function of time.
B. The tensor metric perturbations
Using Eqs. (28), (30) and then x→
√
2x results in
ST =
√
2
6κ2
∫
dtd3x
[
aγij∂
2γij + a
3γ˙ijγ˙ij
]
. (44)
The above action, aside from an overall number, is the same as the action for the gravitational
waves in the Hilbert-Einstein action. So dynamics of the gravitational waves, which is given
by variation of ST with respect to γij as
∂2γij = 3Ha
2γ˙ij + a
2γ¨ij. (45)
has the same solutions as (10).
Note that, since the tensor part of anisotropic stress, ΠTij , is defined as [2]
16πGa3ΠTij = 3a
2a˙γ˙ij + a
3γ¨ij − a∂2γij, (46)
therefore, for this case ΠTij = 0. As we will see, present of other terms in (4), may be changed
this result.
V. IMPLICATIONS OF THE COSMOLOGICAL CONSTANT TERM
Observations of the cosmic microwave background and the large scale structure are con-
sistent with an accelerated expansion phase at present time, which follows after the dust
matter dominated era [7]. The accelerated expansion phase can be explained by the cosmo-
logical constant, Λ [7].
If, as we try to show, the second term in (4) represents the dust matter, it is reasonable to
ask about the implications of Λ for the model.
The background equations are derived from Eqs. (21) and (23) as
H2 =
κ2
6
[
ϕ˙29α2H2 + 2Λ
]
, (47a)
Hϕ¨+ ϕ˙(2H˙ + 3H2) = 0. (47b)
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It is not possible to find an explicit solution for the Hubble parameter as a function of
time from the above equations. Here useful information can be derived from the following
equation:
H˙ = −3H23H
2 − κ2Λ
6H2 − κ2Λ ≡ f(H), (48)
which is obtained by taking the time derivative of (47a), and using (47a) and (47b). Note
that the denominator of Eq. (48) does not vanish, because, from (47a) it follows that
H2 ≥ κ
2Λ
3
, (49)
otherwise ϕ˙2 < 0.
Using the above bound, it turns out that Eq. (48) has one fixed point at H2
∗
= κ2Λ/3, which
is the de Sitter point . Also,
df(H)
dH
|H∗= −6
√
κ2Λ
3
< 0, (50)
so H∗ is the stable fixed point. It means that with any initial condition, for Eqs. (47a) and
(47b), the Universe evolves to the accelerated expansion phase, which is consistent with the
statements at the beginning of this section.
In summary, near the fixed point( de Sitter phase), the cosmological constant term is dom-
inated and the dust term in (4) will be irrelevant. This note is clear from (47b) in which
at the de Sitter background we have ϕ˙ ∝ exp[−3H∗t] that leads to ρd ∝ exp[−6H∗t]. Thus,
at the late time, the action is reduced to the Hilbert-Einstein action and the cosmological
constant term.
Hence, to find effects of the second term of (4) with the cosmological constant, it seems
that the other limit, κ2Λ ≪ H2, is more interesting. Physically it means the dust matter
dominated universe with the small cosmological constant. For this limit, from (48) we have
H˙ = −3
2
H2(1− Λκ
2
6H2
), (51)
so
H =
2
3t
+
1
12
Λκ2t, a = t
2
3 (1 +
1
54
Λκ2
H2
). (52)
If the effective density and the effective pressure are defined as ρ¯eff ≡ 3H2/κ2, p¯eff ≡
(−3H2 − 2H˙)/κ2 respectively, it follows that
ρ¯eff =
4
3κ2t2
+
Λ
3
, p¯eff = −Λ
2
, (53)
where κ2Λ≪ H2 is applied.
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A. The scalar metric perturbations
For reasons that will soon become clear, it is worth mentioning some notes about Eq.
(26). For the pure dust, V (ϕ) = 0, the left- hand side of Eq. (26) is vanished, which
does not happen for V (ϕ) 6= 0. Therefore, it is not trivial that the solutions of the scalar
metric perturbations for V (ϕ) 6= 0 approach to the solutions of V (ϕ) = 0 if we, simply, take
V (ϕ) → 0 in the solutions. We pointed out that how eventually one can find constraint
equations for the pure dust matter from Eq. (26), which are Eqs.(31), (33) and (34).
Hence, if ζ(V ) is the scalar metric perturbation for V (ϕ) 6= 0 and
lim
V→0
ζ(V ) 6= ζ |pure dust matter, (54)
it turns out that the solution has not correct behavior at the stated limit. Thus, although
such solutions are correct for V (ϕ) 6= 0, they must be excluded at the stated limit. Later,
we clarify the above statements by an explicit example.
For the cosmological constant case, we focus on κ2Λ ≪ H2 limit. The constraint equation
(26) gives
− Λκ
2
3H
∂2ψ = (
2
3
+
Λκ2
3H2
)∂2ζ − 9Ha2(1
3
− Λκ
2
9H2
)ζ˙ . (55)
Dividing by Λκ2/3H then inserting the result in (27), to eliminate ψ, yields
SSΛ =
1
κ2
∫
dtd3x
[
1
9
− 2
3
H2
Λκ2
]
aζ∂2ζ −
[
7− 12Λκ
2
H2
]
a3ζ˙2, (56)
where the stated limit, κ2Λ ≪ H2, is used. By variation with respect to ζ and using
κ2Λ≪ H2, it turns out that
ζ¨ −
(
5
4
Λκ2
H
)
ζ˙ +
1
36
(
5
6
Λκ2
H2
+ 2
)
∂2ζ
a2
= 0. (57)
Before we analyze the above equation, let us clarify our statements at the beginning of this
subsection by this explicit example.
If we naively take Λ = 0 in Eq. (57), we find
ζ¨ +
1
18
∂2ζ
a2
= 0, Λ→ 0. (58)
Equation (58) has not any solution that approaches to pure dust case, i.e. Eq. (31). For
this case it is easy to find why the procedure ,which gives Eq. (58), is wrong. Recall that
after Eq. (55), to eliminate ψ, we divided by Λκ2/3H and to obtain Eq. (57), it has been
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assumed that Λ 6= 0. Obviously the procedure is not correct when Λ→ 0.
Hence, the scalar metric perturbations, ζ , which satisfy Eq. (58) must be excluded. In other
words, Eq. (58) must be replaced with the correct version, i.e. Eqs.(31), (33) and (34).
To analyze Eq. (57), let us define the following variables:
K ≡ exp[−5
8
Λκ2
∫
dtH−1], ΞΛ ≡ Kζk, (59)
where H is given by (52) and
ζ =
∫
d3k
(2π)
3
2
ζke
i~k.~x. (60)
From Eqs. (57), (59) and Eq. (60), we find
Ξ¨−
[
K¨
K
+
k2
36a2
(
2 +
5
6
Λκ2
H2
)]
Ξ = 0, (61)
where
K¨
K
=
−5
16
Λκ2
(
3− 7
4
Λκ2
H2
)
. (62)
As for outside the horizon, we take wavelengths which are not only greater than the Hubble
length k/a≪ H , but also greater than the scale of cosmological constant k/a≪ Λ 12κ. For
this limit, one of the solutions of Eq. (61) is Ξ ≈ K, so
ζk|out ≈ CΛ, (63)
where CΛ is a constant. Therefore, as usual, there exists one solution in which ζ˙k|out = 0.
The other solution for outside the horizon,IIζk|out, satisfies the following equation:
II ζ˙k|out ≈ exp
[
5
4
Λκ2
∫
dtH−1
]
. (64)
Using (52) and κ2Λ≪ H2 it follows that
IIζk|out = 2
3H
(
1 +
5
18
Λκ2
H2
)
. (65)
From (52) it is clear that H is increased with time. So, IIζk|out is a decaying solution and
we ignore it.
Inserting ζk|out in Eq. (55), gives ψk|out as
ψk|out = −(1 + 2H
Λκ2
)ζk|out. (66)
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With the same procedures in the previous section, one can obtain, δρ/ρ¯eff |out. The Fourier
coefficient of this quantity is
δρk
ρ¯eff
|out = k2a(1 − 1
6
Λκ2
H2
)ζ |out, (67)
where the decaying modes have been neglected. Also
δΠSk
p¯eff
|out = O(a−3), δpk
p¯eff
|out = O(a−3). (68)
Here p¯eff 6= 0 and is given by (53).
Returning now to inside the horizon limit, k/a≫ H ≫ κ
√
Λ. It is rather clear that the very
small wavelengths( compare with the horizon, 1/H , and the cosmological constant scale,
1/κ
√
Λ) do not“feel” the effects of Λ. Hence, we expect that their dynamics are determined
by equations which were obtained in the previous section.
Mathematically, the same result is obtained if we notice how inside the horizon limit is ob-
tained from Eqs. (58) and (61). The stated limit is obtained by dropping terms proportional
to H in favor of terms proportional to k/a. But our equations, in this subsection, are given
under condition that H ≫ κ
√
Λ. Therefore, by taking inside the horizon limit, we implicitly
drop terms in which Λ is appear. So, it is not amazing why Eq. (58) is obtained at the end
of this procedure. Hence, regarding discussions at the beginning of this subsection and after
Eq. (58), to study inside the horizon limit, Eqs. (33) and (34) must be used.
B. The tensor metric perturbations
Fortunately, for the tensor metric perturbations we are not confronted with constraint
equations. So the results that will be obtained in this part, can be checked, simply, by taking
Λ→ 0 in the results.
Using Eq. (47a) in (28), with x→
√
2x, then gives
STΛ =
√
2
4
∫
dtd3x
[
(
2
3
− κ
2Λ
18H2
)aγij∂
2γij + (
2
3
+
κ2Λ
9H2
)a3γ˙ijγ˙ij
]
. (69)
Variation with respect to γij and then inserting Eq.(9) in the result, gives[
(
2
3
+
κ2Λ
9H2
)a3
]
γ¨sk +
d
dt
[
(
2
3
+
κ2Λ
9H2
)a3
]
γ˙sk +
(
2
3
− κ
2Λ
18H2
)
k2aγsk = 0. (70)
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Comparing the above expression with Eq.(46), it follows that
− 16πGa3ΠTij =
[
(
κ2Λ
6H2
)a3
]
γ¨sk +
d
dt
[
(
κ2Λ
6H2
)a3
]
γ˙sk
−
(
κ2Λ
12H2
)
k2aγsk. (71)
Note that for this case ΠTij is proportional to κ
2Λ/H2, therefor, in the absence of any growing
mode for γsk, it will be suppressed. Our aim is to obtain expressions for the outside and
inside the horizon of γsk, and then find Π
T
ij.
To study (70), we define the following variables:
h ≡ a 32
(
2
3
+
κ2Λ
9H2
) 1
2
, ΓsΛ ≡ hγsk. (72)
Substituting (72) into Eq.(70) and using Λκ2 ≪ H2 yields
Γ¨sΛ +
[
k2
a2
(1− κ
2Λ
4H2
)− h¨
h
]
ΓsΛ = 0, (73)
where it can be shown that
h¨
h
=
3
2
Λκ2(1− 5
12
κ2Λ
H2
) (74)
For outside the horizon, k/a≪ H , Eq. (73) has the following solution:
ΓsΛ|out = CΛT h⇒ γsk|out = CΛT , (75)
where CΛT is a constant. Hence, as usual γ˙
s
k|out = 0. The other solution of Eq.(70) takes the
following form for outside the horizon:
γsk|out =
∫
dt
a3
(
2
3
+ κ
2Λ
9H2
) = 3
2
∫
dt
a3
− 1
4
∫
κ2Λdt
H2a3
, (76)
which is decaying mode.
For deep inside the horizon, k/a ≫ H , the WKB method gives the following solutions for
Γs:
ΓsΛ|in ≈
√
a
4
√
k2(1− κ2Λ
4H2
)
exp
[
±i
∫
k
a
√
(1− κ
2Λ
4H2
)dt
]
. (77)
Hence,
γsij|in ≈
(1− κ2Λ
48H2
)√
ka
exp
[
±i
∫
k
a
(1− κ
2Λ
8H2
)dt
]
, (78)
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which are decaying modes. To check the above results, if Λ→ 0 and a→ t2/3, the solution
approaches to Eq. (11).
Therefore, for this case, from Eqs. (71), (75), (76) and (78), it turns out that
ΠTij |out = ΠTij |in = 0 (79)
where decaying modes have been neglected.
VI. THE QUADRATIC TERM
So far, we have shown that the second term in (4) can be interpreted as the dust matter
term. In this section, the quadratic term with a “mass” parameter, m, is considered as
V (ϕ) =
1
2
m2ϕ2. We will give evidence to show how this extension can be ruled out. At first,
it must be noted that, in the action (4), the standard kinetic term does not exist. Therefore,
one cannot regard m as the mass of dust matter, which is a rather misleading concept.
Let us rewrite the background equations, Eqs. (21) and (23), as
H2 =
κ2
6
[
ϕ˙29α2H2 + 2V (ϕ)
]
, (80a)
ϕ¨− 3Hϕ˙weff = − 1
3H2α2
dV (ϕ)
dϕ
, (80b)
where weff is the effective equation of state
weff = −1 − 2
3
H˙
H2
. (81)
In Sec. I, we argued that for a scalar field which is minimally coupled to gravity as (1),
eventually the scalar field oscillates around the minimum of the potential and behaves like
the dust matter with H = 2/3t (weff = 0).
Here, we first show that a different scenario arises for the scalar field in (4) when a general
potential, which has a minimum, is presented.
Note that when weff ≈ −1( e.g. during the inflationary phase), the second term on the
left-hand side in (80b) is positive, and acts as a dissipative force. So, the scalar field rolls
toward the minimum of the potential. But at H = 2/3t, the effective equation of state
weff , is vanished and, after some time, its sign may be changed. So, it is possible that the
second term on the left-hand side in (80b) acts as a driving force. Another point is that
the right-hand side of (80b) depends on H which, generally, is not constant. This behavior
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shows that we need a different analysis for this model.
The above statement is supported by explicit calculations for the quadratic potential[8]. It
has been shown that for V (ϕ) =
1
2
m2ϕ2, the following solution for the scalar field is an
attractor solution of Eqs. (80a) and (80b)[8]:
ϕ(t) =
√
6H(t)
κm
cos
[
Ω2t2
]
, (82)
where is viable solution for m≫ H and
Ω2 ≡ m
2α
(2−
√
2)(
√
2− 1
2
). (83)
Also
H(t) =
2
3(2−√2)t ⇒ weff ≈ −0.41 . (84)
The solutions, (82) and (84), are very different from (3).
From (84) it turns out that weff < −1/3. So, the Universe is driven to accelerated expansion
phase by the scalar field. But, observations show that at the present time weff ≈ −1[7].
Also, we have no evidence to show a stable phase for the Universe with weff ≈ −0.41.
So, even at the background level, the quadratic term can be ruled out.
A. The scalar metric perturbations
Regarding the last sentence, any motivation to calculate the metric perturbations, for
this case, is killed.
But here, for model builder who are interested in to extend the model, we show how an
analytic solution similar to (82), helps us to impose a restriction on the parameters of the
model. For our aim, it is sufficient to focus on outside the horizon limit.
Using the background equations, Eqs.(80a), (82), (84) and the action for the scalar metric
perturbations ,(A1), the equation of motion for ζ can be derived. Outside the horizon limit
of the equation becomes
d
dt
[
a3
(
3 sin2
[
Ω2t2
]
cos2
[
Ω2t2
]
+ 4 sin2
[
Ω2t2
])]
ζ˙out
+
[
a3
(
3 sin2
[
Ω2t2
]
cos2
[
Ω2t2
]
+ 4 sin2
[
Ω2t2
])]
ζ¨out
+ 4Ω2t tan
[
Ω2t2
]
ζ˙out = 0.
(85)
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One of the solutions, as usual, is ζout = Cϕ, where Cϕ is a constant. The other solution
decays as
∫
a−3dt.
As the previous cases, δρ/ρ¯ can be calculated. The result is
δρ
ρ¯
|out = 2
9
k2
a2H2
tan2
[
Ω2t2
]
ζout. (86)
So, to have a viable limit, we must take Ω2t2 ≈ m/(αH2) ≪ 1. Since the solution (82) is
obtained under the condition that m≫ H , it turns out that we must take αH ≫ 1.
B. The tensor metric perturbations
Using Eq. (80a) in (28) (with x→
√
2x) for the quadratic term, we have
STϕ =
√
2
6
∫
dtd3x[(1− κ
2m2ϕ2
24H2
)aγij∂
2γij
+(1 +
κ2m2ϕ2
12H2
)a3γ˙ijγ˙ij], (87)
where ϕ is given by (82). Using Eqs. (9), (82), and the above action, the equation of motion
for γsk is obtained as[
(1 +
cos2[Ω2t2]
2
)a3
]
γ¨sk +
d
dt
[
(1 +
cos2[Ω2t2]
2
)a3
]
γ˙sk
+
(
1− cos
2[Ω2t2]
4
)
k2aγsk = 0. (88)
So, from Eq.(46) the tensor part of anisotropic stress can be read as
− 16πGa3ΠTij =
[
cos2[Ω2t2]
2
a3
]
γ¨sk +
d
dt
[
(
cos2[Ω2t2]
2
)a3
]
γ˙sk
−cos
2[Ω2t2]
4
k2aγsk. (89)
As the previous case, to obtain expressions for ΠTij , we first seek solutions for outside and
inside the horizon of γks .
Using the following variables,
z ≡
(
1 +
cos2[Ω2t2]
2
) 1
2
a3/2, Γsϕ ≡ zγsk, (90)
Eq. (88) takes the following form:
Γ¨sϕ +
[
k2
a2
4− cos2[Ω2t2]
4 + 2 cos2[Ω2t2]
− z¨
z
]
Γsϕ = 0. (91)
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So, for outside the horizon, k/a≪ H , one of the solutions is
Γsϕ|out = CϕT z,⇒ γsk|out = CTϕ , (92)
where CTϕ is a constant. The other solution is
γsk|out =
∫
2dt
a3(2 + cos2[Ω2t2])
(93)
which is decaying mode.
As for inside the horizon,k/a≫ H , the WKB method gives two solutions for Γsϕ, and from
(90) the following solutions for γsk are obtained:
γsk|in ≈
1
a
√
f(t)
exp
[
±i
∫
k
a
√
4− cos2[Ω2t2]
4 + 2 cos2[Ω2t2]
dt
]
, (94)
where
f(t) ≡ 16 + 4 cos2[Ω2t2]− 2 cos4[Ω2t2]. (95)
Both solutions for inside the horizon are decaying mode.
Hence, from the above statements about the solutions of γsk, and Eq. (89), it turns out that
ΠTij |in = ΠTij |out = 0. (96)
VII. SUMMARY AND DISCUSSION
The dust matter is one of the main substances of the Universe. The standard textbooks,
e.g. [1, 2], implicitly use the intuitive picture borrowed from the Newtonian cosmology , and
define it by the stress-energy tensor as pressureless matter, p¯ = 0.
In this work, we provide an alternative approach. We have shown that it can be possible to
interpret the second term in (4) as the dust matter term. To show this point, the background
and perturbative equations are studied.
For the pure dust matter, we have found that δ ≡ δρ/ρ and δΠTij have the same behaviors
as are found in the textbooks, e.g.[1], for the dust matter. Furthermore, the expressions for
δp and δΠS are decaying terms.
We have also considered the dynamics of the model with the cosmological constant. We have
shown that the dynamics of our model, both for the dust matter dominated era with the small
cosmological constant and the late time behavior, are consistent with the observation[7].
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Therefore the model has not any exotic behavior.
If the model can be interpreted as the dust matter, an inevitable question arises as follows: is
it possible to obtain new predictions from it and how is possible to extend it? Regarding the
question, an implicit attempt is made by extending the model with inclusion of the quadratic
term in the action. It turns out that this version is inconsistent with the observations. But
the attempt has two lessons for us. First, we have shown that generally a potential term,
which has one minimum, results in a universe with −1 < weff < 0. Thus, it seems we can
rule them out. The second lesson is that, although the kinetic term is nonminimally coupled
to the tensor field, we have no problem with the gravitational waves and any constraint on the
parameters of the model- in the extend version- comes from the scalar metric perturbations.
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Appendix A
In this paper, the Hubble parameter is obtained as a function of time. Therefore to write
the second order action for the scalar metric perturbations the terms in which H˙ appears
are kept. The result for V (ϕ) 6= 0 is
SS =
1
2κ2
∫
dtd3x
[
6
H˙
H2
(
(2− α2κ2ϕ˙2)2
(3α2κ2ϕ˙2 − 2)2
)]
aα2κ2ϕ˙2ζ∂2ζ
+
[
12 + α2κ2ϕ˙2(20− 21α2κ2ϕ˙2)
(3α2κ2ϕ˙2 − 2)2
]
aα2κ2ϕ˙2ζ∂2ζ
−3
[
9α2κ2ϕ˙2 + 2
(3α2κ2ϕ˙2 − 2)
]
α2κ2ϕ˙2a3ζ˙2.
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